Diagram of the detector with a photon flux incident on one of the 13.5x13.5 cm detector faces. The detector is composed of a CsI(Na) 
SUMMARY
A pulse height tally response expansion (PHRE) method is developed for detectors. By expanding the incident flux at the detector window/surface, a set of response functions is constructed via Monte Carlo estimators for pulse height tallies. B-spline functions are selected to perform the expansion of the response functions as well as for the expansion of the incident flux in photon energy. The method is verified for several incident flux spectra on a CsI(Na) detector. Results are compared to the solutions generated using direct Monte Carlo calculations. It is found that the method is several orders faster than MCNP5 while maintaining paralleled accuracy.
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INTRODUCTION
Interrogation of cargo containers falls within the category of large radiation detector problems in which numerical radiation transport calculations are needed to identify clandestine materials. Cargo containers may carry numerous amounts and types of cargos that, in turn, may be used to shield clandestine nuclear materials.
For each of the various cargos, a new and distinct Monte Carlo simulation would be required. Due to the large number of required simulations in combination with the size of the cargo containers and the level of attenuation within the cargo, direct use of Monte Carlo methods is not a viable means for modeling these systems.
Current research in interrogation problems has spurred the use of hybrid methods to accelerate simulations for these types of problems. Hybrid methods allow the implementation of multiple approaches within one problem by breaking down a problem into various facets. Each facet is then paired with the best-suited method and modeled accordingly. For example, interrogation problems can be separated into two components: the field region (e.g., cargo container), and the detector. The field region and detector can then be modeled respectively using deterministic and Monte Carlo methods [1] .
Though the hybrid method provides faster solutions than previous methods, a more efficient method would involve further reduction of the need for Monte Carlo methods. For example, in cargo interrogation problems where the cargo container changes for nearly every problem, the detector can remain the same. Having to perform Monte Carlo calculations for the same detector for each cargo scenario is computationally inefficient. In this study, a method is introduced that accelerates the computation of detector responses for multiple cargo scenarios in which the detector remains the same. The new method utilizes response functions generated using Monte Carlo methods. These functions are dependent only on the geometry and composition of the detector and, therefore, can be precomputed as the method's library. Once the incident flux is known, this library is used to construct the detector's response (pulse height tally) with accuracy parallel to Monte Carlo methods but significantly more efficiently. [1] . Where the detector is modeled using Monte Carlo methods, the typically faster deterministic methods are used to model the remainder of the problem or the field region (e.g., cargo container). Unlike the detector, modeling of the field region does not require the detailed history of the individual particles, thus a deterministic method can be applied [1] . To compute the pulse height tally using a hybrid method, the deterministic method must first be used to compute the angular flux of the field region on the boundaries of the detector. Then, these angular fluxes are inputted into the Monte Carlo model of the detector that, in turn, computes the pulse height tally.
Commonly for interrogation problems, Monte Carlo simulations are repeatedly performed in the detector with various incident angular fluxes resulting from the changes within the field region. Therefore, the only change in these simulations is the detector boundary conditions (i.e., incident flux). In these circumstances, the geometry and composition of the detector remain the same. Within this study, the lack of change in the geometry and composition of the detector is taken advantage of in order to improve the efficiency of the Monte Carlo calculations of the detector response. The basis for the new method is the incident flux response expansion method (IFRE) developed for reactor core transport problems by Mosher and Rahnema [3] .
The IFRE method approximates the solution (angular flux) of the neutron transport The response functions depend only on the geometry and composition of the mesh (e.g., fuel assembly type) and therefore can be precomputed as the library for the method. Adapting the IFRE method to detectors and using Monte Carlo simulations to generate the detector response functions, pulse height tally calculations for detectors can then be computed significantly more efficiently, as described in the following sections.
CHAPTER III METHOD
This chapter describes the pulse height tally response expansion (PHRE) method.
The general form of the method is developed from the Monte Carlo estimators for pulse height tallies via expansion of the incident flux. B-splines are introduced as the selected choice of bases for the expansions. Finally, the implementation of the energy dependent method utilizing B-splines is discussed.
Monte Carlo Estimators
Photon interactions within a detector bring about the release of electrons or photons resulting from pair production, Compton scatter, photoelectric effects, and electron-positron annihilation. For the Monte Carlo estimator of a pulse height tally, these interactions can be bundled into a function, denoted by g which represents the probability that a particle and its progeny will deposit a certain amount of energy in the detector. On a seven-dimensional phase space represented by space ( r), angle (Ω), energy (E), and time (t) with γ = ( r,Ω, E, t), the function g for a given particle is given by g( , γ) where denotes the energy deposited by a particle and its progeny.
The function g( , γ) represents the probability that a particle at location r, anglê Ω, energy E, and time t will deposit in energy within the detector. From g( , γ) and a volumetric uncollided flux, Ψ(γ), the pulse height tally for the detector can be represented as a function of energy deposition
where Γ represents the domain of integration that encompasses the seven-dimensional phase.
The integral nature of Monte Carlo estimators prevents direct acquirement of a continuous function of Equation (1). Instead, a binned estimator is computed. First, the energy deposition phase space is restricted to the finite interval [a, b] with the interval represented by N + 1 bins,
Then, integrating the function r( ) over a given bin, the binned estimator for the pulse height tally can be represented as,
A simple and common representation of the function r( ) is a histogram representation, which assumes r( ) to be piece-wise constant. The histogram approximation can be given by
where
Expansion Method
For a detector of volume V , the volumetric uncollided flux, Ψ(γ), satisfies the following transport equation,
with the boundary condition defined as the flux incident on the detector,
The macroscopic cross section, σ, depends on position and energy. The superscript "+" represents the incoming direction on the surface, r ∈ ∂V . The incident flux ϕ is 
where the set of coefficients α s = {α 1,s , α 2,s , ..., α j,s , ...} for surface s is computed by the pseudoinverse [4] 
Instead of solving the transport equation using the incident flux as the boundary conditions, it is solved with boundary conditions defined as expansion basis functions.
The transport equation now takes the form
with the boundary condition
The volumetric uncollided flux of Equations (6) and (7) can now be represented by
Replacing the volumetric uncollided flux of Equation (1) with the form provided in Equation (12), the pulse height tally becomes
The response function R is the pulse height response to an incident photon with a given phase space distribution defined by the chosen basis functions, F . The response function R j,s is directly estimated using a Monte Carlo method with incident flux as defined by the basis function F j .
In order to construct an efficient response expansion method for pulse height tallies, it is necessary to identify a set of expansion bases F j in Equation (8) to truncate the incident flux:
so that the pulse height can be approximated as
The degree of truncation depends on the how well the expansion basis 
The approximation is given by the following,
where α j are the coefficients [obtained using Equation (9) 
The B-spline can be defined recursively by the Cox-de Boor recursion formulas [5] :
The elements t j are referred to as knots and make up the knot vector. The knot vector determines the continuity and differentiability of the B-spline over a given interval [6] . The only requirement of a knot vector is that the relation t j ≤ t j+1 must be satisfied. Thus, a knot can have a multiplicity greater than one. A commonly used knot vector is the open knot vector which has multiplicity of knot values at the ends equal to the order k of the B-spline basis [5] . For the case of M control points, the knot vector can be defined as,
An example of 1 st , 2 nd , and 3 rd order B-spline basis set is shown in Figure 1 Once the knots and order of the B-spline are selected, a response function library is constructed using a modified version of MCNP5. The modifications allow for a continuous form of the B-spline to be applied as a boundary condition in MCNP5.
Using the B-spline B j,k (E) as the boundary condition to Equations (10) and (11) for surface s of the detector, MCNP5 obtains the binned form of the solution to Equation (14). This is repeated over j = 1, ..., M for each surface s. Since the MCNP5 solutions of the response functions are in binned form, they are subsequently represented as histograms.
When constructing the response functions R j,s (E), it is important to note that MCNP5 will form a probability density function of the boundary condition prior to computation. Since the response functions R j,s (E) are computed separately, this means the total probability of each of the boundary conditions will be equal to one even though they only represent a fraction of the total probability. Thus, each response function is weighted according to the following equation:
Since MCNP5 forms probability density functions of the boundary conditions prior to computation, the probability density function of a given incident flux is computed.
The incident flux is then approximated as a set of B-splines. The coefficients of the B-spline approximation can be computed by solving a least squares fit utilizing Equation (9). The linear combination of the products of the incident flux coefficients and the weighted response functions are computed to obtain the solution to the pulse height tally. Chapter IV provides some examples utilizing the method.
CHAPTER IV RESULTS
For validation of the energy dependent B-spline PHRE method, several flux spectra are employed as incident fluxes on a detector surface/window. To demonstrate the accuracy and applicability of the method for both deterministic and stochastic incident fluxes, discrete and continuous in energy incident fluxes are used. 
Method Verification
Multigroup Flux Approximations
The multigroup incident fluxes are represented as histograms. From Equation ( 
Continuous Flux Approximations
An analytical form of a U-235 prompt fission gamma spectrum is used for the continuous flux spectrum. The energy spectrum of the prompt fission gamma rays for U-235 can be given by the following probability function [7] :
The 1 st , 2 nd , and 3 rd order B-spline curves with knots located at the bin boundaries (see Appendix A) are used to approximate the spectrum. Figure 5 shows the approximations in comparison to the exact spectrum. The approximations were performed using the least squares method of Equation (9). To improve the goodness-of-fit, the multiplicity of the knots located at the discontinuities 0.3 MeV and 1.00 MeV of Equation (23) are set to one for the 2 nd order approximation and two for the 3 rd order approximation. Figure 6 shows the improvements made as a result of the additional knots. For the least squares fits, the 2-norm of the difference between the B-spline approximations and the exact solution, which corresponds to the Euclidean distance between the two, is used to determine the goodness-of-fit:
Smaller 2-norm values correspond to better fits, where the smallest value is zero (which is equivalent to an exact fit). Table 1 shows the 2-norms for the approximations. Approximations beyond 3 rd orders provide little improvement to estimate the flux spectrum.
Pulse Height Tally Solutions
The response functions for the response expansion method are computed using a solutions were computed using the incident fluxes as the boundary conditions to the detector over the same interval and binning used to construct the response function. Solutions using MCNP5 were well converged, with average relative standard Figure 7 shows the response expansion method and MCNP5 pulse height tally solutions associated with the incident flux from the air cargo (left plot), with an error analysis plot that compares the absolute differences of the two methods against their standard deviations (right plot). As seen by the standard deviations of the response expansion method, σ RM , and MCNP5's standard deviations, σ M CN P 5 , the response expansion method's results are found to be better converged than that of MCNP5 with the response expansion method's average relative standard deviation of 0.03%. Resulting from the better convergence of the response expansion method, the standard deviation of the absolute differences, σ M CN P 5−RM , is mainly dominated by σ M CN P 5 . Comparing σ M CN P 5−RM to the absolute differences of the two methods, it can be seen that the differences between the two methods can be mainly attributed to statistical uncertainty. The same arguments above apply for the pulse height tally solutions associated with the incident flux from the third-density water cargo shown in Figure 8 . The average relative standard deviation of the response expansion method for the pulse height tally from the third-density water cargo was also 0.03%. 
Accuracy and Efficiency
For comparison of the response expansion method to MCNP5, the following is used:
where ||.|| 1 is the 1-norm of the values within. For a set of values, the 1-norm is equivalent to the sum of their absolute values [4] . The value e 1 is equivalent to the mean weighted error,
where,
which places more importance on larger values than on those nearest zero. Since the pulse height tallies encompass several orders of magnitude, this is a very good method of comparison. The mean weighted errors for the response expansion solutions of the pulse height tallies with error associated with standard deviations (1σ) are shown in Table 2 . Computation times for each of the response functions were set to 5000 minutes to reduce standard deviations to a nominal level. Table 3 shows the computation times for the response expansion method (excluding the response function computation times), as compared to MCNP5 calculations where the average relative standard deviation was used to obtain similar statistical precision. Computation times for the U-235 using the response expansion method are longer due to the least squares fitting for the flux approximation. A direct application of the response expansion method is to interrogation problems. These types of problems usually consist of a radiation detector and a container with an assortment of materials to be identified via the emission of particles. In active interrogation, a source is also present and is incident on the container to improve identification of materials with normally low particle emissions. Such problems could include interrogation of conventional explosives or cargo containers with special nuclear materials. To rapidly simulate interrogation problems, the source and container would normally be modeled by a deterministic method to obtain the angular flux incident on the detector window. For the detector, the response expansion method is used to generate the detector's response. Thus, the angular flux incident on the detector boundaries together with a pre-computed library of response functions is used to generate the detector's response on-the-fly.
The incident fluxes in this study were assumed uniform in space and monodirectional in angle. Additional work is required to expand this method in modeling the incident flux in its full phase space (i.e. angular and spatial variables). 
APPENDIX A FLUX ENERGY BINS
